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Abstract 
This paper proposes a machining test to calibrate position-dependent geometric errors, or “error map,” of rotary axes of a five-axis machine 
tool. At given sets of angular positions of rotary axes, a simple straight side-cutting using a straight end mill is performed. By measuring 
geometric errors of the machined test piece, position and orientation of rotary axis average lines (location errors), as well as position-dependent 
geometric errors of rotary axes, can be numerically identified based on the machine’s kinematic model. Furthermore, by repeating the proposed 
machining test consequently, one can quantitatively observe how the position and the orientation of rotary axes change with respect to the tool 
spindle due to thermal deformation induced mainly by tool spindle rotation. Experimental demonstration is presented. 
© 2014 The Authors. Published by Elsevier B.V. 
Selection and peer-review under responsibility of the International Scientific Committee of the 6th CIRP International Conference on High 
Performance Cutting. 
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1. Introduction 
Machine tools with two rotary axes to tilt/rotate a tool 
and/or a workpiece, in addition to three orthogonal linear axes, 
are collectively called five-axis machine tools. On five-axis 
machine tools, error motions of each linear/rotary axis, as well 
as its alignment (assembly) errors, are accumulated in the 
positioning error of a tool relative to a workpiece. For efficient 
measurement of these errors, many "indirect" measurement 
methodologies, i.e. schemes to separately identify each error 
component from a set of measured tool center position (TCP) 
profiles, have been studied [1, 2]. ISO/DIS 10791-1 [3], 
currently under a revision process in ISO/TC 39/SC 2, 
contains quasi-static tests with a main interest in calibrating 
position and orientation errors of rotary axis average lines. 
The application of the ball bar to rotary axis dynamic 
measurements has been studied by many researchers [4,5] and 
is now included in ISO/DIS 10791-6 [6], also currently under 
a revision process in ISO/TC 39/SC 2. The R-test [7,8] is also 
in ISO/DIS 10791-6 [6]. A touch-trigger probe can be applied 
analogously to the 'chase-the-ball' test [9,10] and commercial 
probe-based calibration systems are now available. 
Although it is important to evaluate geometric errors of 
rotary axes by such a non-cutting measurement, typical 
machine tool users consider more the machine's accuracy 
when it performs actual machining. Non-cutting tests are 
sometimes performed when the machine is "cold." In the 
machine's normal operating conditions, the spindle rotation, as 
well as environmental change, may potentially cause
significant thermal deformation. In such a normal operating 
condition, the machine's geometric errors may be significantly 
different from those in 'cold' condition.  
NAS (National Aerospace Standard) 979 [11], Clause 
4.3.3.8.1, describes a cone frustum five-axis machining test. 
Since it is only standard well known describing a five-axis 
machining test, it is widely accepted by many machine tool 
builders as one of final performance tests. ISO/TC 39/SC 2 is 
currently discussing the inclusion of the cone frustum 
machining test in the revision of ISO 10791-7 [12]. Although 
it gives a good demonstration of the machine's overall 
machining performance, it is generally difficult to diagnose 
error sources from the measured geometry of the finished test 
piece [13,14].  
The objective of this paper is to propose a new five-axis 
machining test such that geometric errors of rotary axes can be 
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separately identified by evaluating the geometric error of the 
machined test piece. In [15], a part of the authors presented a 
machining test to identify position and orientation errors of the 
axis average line of two rotary axes. This paper presents its 
extension to the calibration of position-dependent geometric 
errors, or “error map,” of rotary axes.  
Furthermore, the paper will present its application to the 
observation of thermal influence on geometric errors of rotary 
axes. Experimental demonstration will be presented. 
2. Proposed machining test  
This paper considers a five-axis machine configuration 
with a titling rotary table (driven by B- and C-axes) depicted 
in Fig. 1. In principle, the basic idea of this paper can be 
straightforwardly extended to any five-axis configurations. 
The proposed machining test is illustrated in Fig. 2. At 
Bi=Cj=0q, a square-shaped step is machined by simple side-
cutting using a straight end mill by driving X- and Y-axes 
only. The square step is machined at different heights at each 
combination of Cj=0, 90, 180, 270q (j=1a4) and Bi=0, -90, 90q 
(i=1a3). Total 4u3=12 finish cuts are made. Figure 3 shows an 
example of the nominal geometry of the finished test piece 
(adopted in the experiment in Section 4). The finishing 
condition must be properly chosen such that the influence of 
tool deflection or surface finish on the geometric measurement 
becomes sufficiently small. It is recommended to repeat the 
finishing with zero radial depth of cut (“zero cut”).  
Then, the finished test piece's geometry is measured. Figure 
4 shows an example of probed points. The measurement 
coordinate system is set up based on the position and the 
orientation of the uppermost step, machined at Bi=Cj=0q.  
3. Identification of rotary axes geometric errors  
3.1. Geometric error parameters to be identified 
In ISO 230-1 [16], the axis average line of a rotary axis is 
defined as "the straight line representing the mean location 
and orientation of its axis of rotation." Position and 
orientation errors of a rotary axis average line, called location 
errors in ISO 230-7 [17], are clearly among the most 
fundamental error factors in the five-axis kinematics. Table 1 
shows location errors sufficient to describe the kinematics for 
the configuration in Fig.1 [16, 18].  
It is to be noted that they only represent 'average' position 
or orientation of a rotary axis. The axis of rotation may 
change its position and orientation with its rotation. Such an 
error motion can be parameterized by position-dependent 
geometric errors [13]. Table 2 shows position-dependent 
geometric errors for B-axis. 
 It is important to note that this paper assumes geometric 
errors of linear axes are negligibly small compared to those of 
rotary axes. Many five-axis error calibration methodologies, 
briefly reviewed in Section 1, are based on the measurement 
of the TCP relative to the table, and it is therefore not possible  
 
Fig. 1. Five-axis machining tool configuration. 
 
Fig. 2. Proposed machining test procedure  
 
Fig. 3. Machined test piece geometry (example) 
 
Fig. 4. Probed pints on machined test piece (example)  
X
YZC C
 Reference surface machined at 
B=C=0q
 Index to C=90q and machine same 
steps. Same at C=180q, 270 q. 
 Index to B=90q and machine 
same steps. Repeat this at C=0q,
90q, 180q, 270 q. 
B -90, 0, +90
C 0, 90, 180, 270
 Repeat this cutting process at
every combination of B- and C-
angles above.
D*11 : 73.9 mmD
*
11 : 73.9 mm
70 mm
5 mm 5 mm
X
Y
Z
Probed point
Machined surface
at B=0㼻䠈 C=0㼻
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in principle to separate error motions of rotary axes and linear 
axes. Error motions of linear axes must be separately pre-
calibrated by conventional measurement (e.g. ISO 10791-1 
[3]). 
3.2. Calculation of position/orientation of each step 
For each square-shaped step machined at Bi and Cj, denote 
the k-th measured position in the measurement coordinate 
system by p(i,j,k)3. Suppose that its nominal position is 
given by p*(i,j,k)3. Denote the displacement of the 
machined step from its nominal position by ('x(i,j), 'y(i,j), 
'z(i,j)) in X, Y, and Z directions. Denote its orientation error 
by ('a(i,j), 'b(i,j), 'c(i,j)) around X, Y, and Z axes. They can 
be calculated by solving the following minimization problem: 
݉݅݊௱௫ሺ௜ǡ௝ሻǡڮǡ௱௖ሺ௜ǡ௝ሻ σ ሼ߂݌ሺ݅ǡ ݆ǡ ݇ሻ ڄ ݊
כሺ݅ǡ ݆ǡ ݇ሻሽଶ௞  (1) 
where n*(i,j,k)3 is a unit vector representing the normal 
direction to the target surface. This term is needed since a 
touch-trigger probe is sensitive only to this direction.  
߂݌ሺ݅ǡ ݆ǡ ݇ሻ ൌ ݌ሺ݅ǡ ݆ǡ ݇ሻ െ ݌Ƹሺ݅ǡ ݆ǡ ݇ሻ ሺʹሻ
and  
ቂ݌Ƹሺ݅ǡ ݆ǡ ݇ሻͳ ቃ ൌ ܦ൫߂ݔሺ݅ǡ ݆ሻ൯ܦ൫߂ݕሺ݅ǡ ݆ሻ൯ܦ൫߂ݖሺ݅ǡ ݆ሻ൯ ሺ͵ሻ
ܦ൫߂ܽሺ݅ǡ ݆ሻ൯ܦ൫߂ܾሺ݅ǡ ݆ሻ൯ܿ൫߂ܿሺ݅ǡ ݆ሻ൯ ቂ݌כሺ݅ǡ ݆ǡ ݇ሻͳ ቃ 
The calculation algorithm in Sections 3.2 and 3.3 is analogous 
to the one presented in our previous work on probing-based 
geometric error calibration [19].  
3.3. Calculation of geometric error parameters 
When the nominal point in the workpiece coordinate 
system is given by wq*3, its actual position, wq3, when 
there exist location errors in Table 1, is given by: 
൤ ݍ
௪
ͳ ൨ ൌ ሺ ௪ܶ
௥ ሻିଵ ڄ ෨ܶ௪௥ ൤ ݍ
כ௪
ͳ ൨ (3) 
where ௥ܶ௪ ସൈସ  is the homogeneous transformation matrix  
(HTM) representing  the transformation from the workpiece 
coordinate system to the machine coordinate system: 
௪ܶ௥ ൌ ௔ܶ ڄ௥ ௖ܶ௔  (4)
௔ܶ௥ ൌ ܦ௫ሺܧ௑଴஻ሻܦ௬ሺܧ௒଴஼ሻܦ௭ሺܧ௓଴஻ሻ 
ܦ௔ሺܧ஺଴஻ሻܦ௕ሺܧ஻଴஻ሻܦ௖ሺܧ஼଴஻ሻܦ௕ሺെܤ௜ሻ 
௖ܶ௔ ൌ ܦ௫൫ܧ௑ሺ଴஻ሻ஼൯ܦ௔൫ܧ஺ሺ଴஻ሻ஼൯ܦ௖ሺെܥ௝ሻ 
where כሺכሻସൈସ  denotes the HTM representing the 
translation in X, Y or Z or the rotation around X, Y, or Z. 
 
Table 1. Position and orientation errors of rotary axis average lines (location 
errors) for the configuration in Fig.1. 
Symbol [16] [18] Description  
EX0B GxBY Position error of B-axis average line in X 
EY0C GyCB Position error of C-axis average line in Y 
EZ0B GzBY Position error of B-axis average line in Z 
EX(0B)C GxCB Position error of C-axis from B-axis in X 
EA0B DBY Orientation error of B-axis avg line around X 
EB0B EBY Initial angular positioning error of B-axis 
EC0B JBY Orientation error of B-axis avg line around Z 
EA(0B)C DCB Squareness error of C- to B-axis 
Table 2. Position-dependent geometric errors of B-axis. 
Symbol [17] Description  
EAB(Bi), EBB (Bi), ECB (Bi) Angular error motions of B-axis at B=Bi 
around X, Y, and Z 
EXB(Bi), EYB (Bi), EZB (Bi) Linear error motions of B-axis at B= Bi in X, 
Y, and Z 
 
 
Such a five-axis kinematic model can be found in numerous 
references, e.g. [2,8,18]. ෨ܶ௥௪ ସൈସ  represents the nominal 
transformation: 
෨ܶ௪௥ ൌ ܦ௕ሺെܤ௜ሻܦ௖൫െܥ௝൯ (5) 
As is presented in [8], the kinematic model (4) can be 
rewritten as:  
൤ ݍ
௪
ͳ ൨ ൌ ܦ௫ሺȟܺሻܦ௬ሺȟܻሻܦ௭ሺȟܼሻܦ௔ሺȟܣሻܦ௕ሺȟܤሻܦ௖ሺȟܥሻ ൤
ݍ௪ כ
ͳ ൨ 
where (6) 
߂ܺ ൌ െ൫ܧ௑଴஻ܤ௜ ൅ ܧ௓଴஻ܤ௜ ൅ ܧ௑ሺ଴஻ሻ஼൯ܥ௝ ൅ ܧ௒଴஼ܥ௝ 
߂ܻ ൌ െ൫ܧ௑଴஻ܤ௜ ൅ ܧ௓଴஻ܤ௜ ൅ ܧ௑ሺ଴஻ሻ஼൯ܥ௝ െ ܧ௒଴஼ܥ௝  
߂ܼ ൌ ܧ௑଴஻ܤ௜ െ ܧ௓଴஻ܤ௜  
߂ܣ ൌ െ൫ܧ஺଴஻ܤ௜ ൅ ܧ஼଴஻ܤ௜ ൅ ܧ஺ሺ଴஻ሻ஼൯ܥ௝ ൅ ܧ஻଴஻ܥ௝  
߂ܤ ൌ െ൫ܧ஺଴஻ܤ௜ ൅ ܧ஼଴஻ܤ௜ ൅ ܧ஺ሺ଴஻ሻ஼൯ܥ௝ െ ܧ஻଴஻ܥ௝ 
߂ܥ ൌ ܧ஺଴஻ܤ௜ െ ܧ஼଴஻ܤ௜ 
The relationship  of position/orientation errors of each 
machined step, 'x(i,j) to 'c(i,j), to location errors, can be 
derived from the formulation above. Recall that each step's 
position and orientation, 'x(i,j) to 'c(i,j), are measured in 
reference to those of the reference step, machined at 
B1=C1=0q. In other words, 'x(i,j) to 'c(i,j) must be zero at 
B1=C1=0q. This must be taken into account (see [19]).   
Each location error can be identified from 'x(i,j) to 'c(i,j) 
by applying the least square fit to this model. The algorithm 
can be straightforwardly extended to the identification of 
position-dependent geometric errors in Table 2 (see [19,8]).  
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4. Experiment 
4.1.  Test setup 
The proposed machining test is conducted on a machining 
center of the configuration in Fig. 1. Table 3 shows major 
machining conditions. Figure 5 shows the test setup. 
Although it is preferable to measure the finished test piece's 
geometry by a coordinate measuring machine (CMM), on-
machine measurement using a touch-trigger probe was used in 
this experiment, assuming sufficiently high volumetric 
accuracy of machine tool's linear axes. OMP-400 by Renishaw 
is used (unidirectional repeatability: 0.35 Pm (max 2V value 
with 100 mm stylus), probe sphere: I6 mm (ruby)). The 
machining center's positioning resolution is 1 Pm on all the 
linear axes; the probe's measurement resolution is also 1 Pm. 
With the machine’s B- and C-axes fixed at B=C=0q, points 
shown in Fig. 4 are probed. Note that error motions of B- and 
C-axes do not influence this measurement. 
4.2. Test results 
Figure 6 shows the measured geometry of four steps on 
the test piece's top face, each of which is machined at Bi=0q, 
and Cj=0, 90, 180, 270q, respectively. Figures 6 (a) and (b) 
respectively show the projection onto the XY and XZ planes. 
In Fig. 6, the dots (x) represent the nominal probed position, 
p*(i,j,k), and the circles (o) represent the measured position, 
p(i,j,k). The error between measured and nominal positions is 
magnified 1,000 times. The position and the orientation of 
each step, represented by 'x(i,j)a'c(i,j), is calculated as 
shown in Section 3.2. In Fig. 6, the painted bold-line square 
represents calculated position and orientation of each step 
(those in Fig. 6(a) are calculated from probed points on side 
faces of each step, and those in Fig. 6(b) are calculated from 
probed points on the bottom face).  
From Fig. 6, many intuitive observations can be made on 
location errors or error motions of C-axis (at B=0q), e.g., 
 In Fig. 6(a), the square machined at C=-180q is shifted by 
about +8 Pm in X-direction, and +3 Pm in Y-direction. 
This is mostly caused by the position error of the C-axis 
average line, EX0C and EY0C.  
 In Fig. 6(b), the bottom surface of each step is tilted 
toward both X- and Y-directions. This is mostly caused by 
the orientation error of C-axis to X- and Y-directions.  
The measured geometry of steps on the test piece's side 
faces, machined at Bi=-90q and 90q, can be plotted 
analogously, but omitted here.  
Then, location errors, shown in Table 1, are identified as 
shown in Fig. 7. Figure 8 shows position-dependent geometric 
errors of B-axis, shown in Table 2, identified from the 
measured geometry. While location errors in Fig. 7 represent 
'average' position and orientation of rotary axes, Fig. 8 shows 
how the B-axis position and orientation vary from their 
average values with the B-axis angular position, Bi. 
 
Fig. 5. Experimental setup.  
Table 3. Machining conditions.  
Tool  Sintered carbide radius end mill, I8mm, 3 flutes 
Workpiece material Aluminum alloy A5052 
Feed per tooth 0.075 mm/tooth 
Axial depth of cut 5 mm 
Radial depth of cut 0 mm (zero cut) 
Cutting speed 100 m/min 
Cutting fluid Air blow 
Milling direction Down cut 
4.3. Uncertainty analysis 
The calculation in Section 3 assumes negligibly small 
error motions of linear axes. It is, therefore, practically 
important to assess the uncertainty in identified geometric 
error parameters due to, especially, linear axis error motions. 
In the present analysis, other potential contributors, e.g. the 
uncertainty associated with probing and machining process, 
are regarded relatively small.  
Table 4 shows assessed uncertainty contributors in linear 
axis error motions. Statistical uncertainty analysis based on 
the Monte Carlo simulation, analogous to the one presented in 
[20], is applied. The modelling of uncertainty contribution of 
linear axis error motions in [20] is adopted. In Fig. 7, error 
bars represent the standard uncertainty (k=1) calculated from 
uncertainty contributors in Table 4.  
5. Application to thermal test 
5.1.  Objective 
For five-axis machines, even when thermal deformation, 
typically caused by heat generation from spindle rotation 
(possibly also from linear/rotary axes or environment), causes 
simple translational errors, it often changes the position of 
rotary axes with respect to the machine coordinate system 
defined by linear axes. As a result, thermal deformation more 
likely causes the machined workpiece's geometric errors in 
five-axis machining. Thermal deformation may also influence 
rotary axis position/ orientation directly. ISO 230-3:2007 [21] 
only describes tests to investigate thermal influence of spindle 
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rotation, linear drives, and environment. The importance of 
thermal tests for rotary axes has been discussed only lately in 
the literature. Recent works include the application of R-test 
[22, 23, 24]. 
By repeating the proposed machining test consequently on 
the same machine, one can evaluate thermal influence on 
position and orientation of rotary axes. This section presents 
such an application of the proposed machining test. 
5.2. Test procedure 
The test procedure is described as follows: 
1. Mount the unmachined workpiece on the machine's work 
table. Perform spindle warm-up (e.g. 30 min in our test). 
2. Rough cutting (about 25 min in our test). 
3. Finishing as described in Section 2 (about 25 min). 
4. Dismount the finished test piece, and repeat the procedure 
1 to 3 (total three times in our test). 
5. After the machine sufficiently cools down, the three 
finished test pieces are measured on the machine as 
presented in Section 2. 
5.3. Test results 
Figure 9 shows position and orientation errors of B- and 
C-axis average lines (location errors, Table 1) identified by 
the geometry of each of three finished test pieces. Notable 
gradual change can be observed in the Y-position of the C-
axis average line, EY0C, and the Z-position of the B-axis 
average line, EZ0B. The variation in other error parameters is 
smaller. This likely indicates the thermal deformation of the 
spindle-side machine structure mainly toward Z- and Y-
directions (see the machine configuration in Fig.1).  Such a 
simple linear deformation (at tool tip) causes geometric errors 
of finished test piece in five-axis machining.  
To validate location errors estimated from the machined 
test pieces, the position errors of C-axis average line, EX0C 
(=EX0B+ EX(0B)C) and EY0C, were directly measured by using a 
dial gauge, attached to the spindle, and a test piece fixed on 
the table. This measurement was conducted right after the 
machining of each test piece was finished. Figure 10 
compares the estimates and direct measurements. The validity 
of the estimates can be observed.  
6. Conclusion 
In the proposed machining test, a simple square-shaped 
step is finished by a straight (radius) end mill at given sets of 
B- and C-axis angular positions. By examining the position 
and the orientation of each step on the finished test piece, 
geometric error parameters of B- and C-axes, both location 
errors and position-dependent errors, can be identified. 
By repeating the proposed machining test, time-dependent 
variation in geometric error parameters can be observed, 
which is mostly caused by thermal deformation induced by 
spindle rotation or environmental change. In the machine 
configuration in Fig.1, the heat from tool spindle rotation 
mainly displaces the tool spindle. This deformation changes 
the relative position (and possibly the orientation) of rotary 
axes to the tool spindle. In five-axis machining, from our 
a  
b  
Fig. 6. Measured geometry of the machined test piece (four steps machined at 
at Bi=0q, and Cj=0, 90, 180, 270q). (a) projection onto XY plane, (b) 
projection onto XZ plane. 
 
  
 
Fig. 7. Position and orientation of B- and C-axis average lines (location 
errors, see Table 1) identified by the first machining test. Error bars represent 
the standard uncertainty (k=1) calculated from uncertainty contributors in 
Table 4. 
 
 
experience, thermally-induced variation in rotary axis location 
errors is often among the most critical factors for potentially 
significant geometric errors of finished workpiece. The 
proposed machining test is effective to evaluate the machine's 
thermal stability.  
The machine's geometric errors are sometimes evaluated 
when the machine is 'cold' (e.g. static tests [3] at assembly/
inspection sites in machine tool builders). Such a test is 
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clearly not good when the machine may be under significant 
thermal influence. The proposed machining test is effective to 
evaluate geometric errors when the machine is in normal 
operating conditions.  
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Fig. 8. Position-dependent geometric errors of B-axis (see Table 2) identified 
from measured geometry of the machined test piece. 
Table 4. Assessed uncertainty contributors in linear axis error motions (range 
for uniform distribution) 
Linear positioning 
errors, EXX, EYY, EZZ 
Linear term 4 Pm/100mm 
Periodic term 0.5 Pm 
Straightness errors, 
EYX, EZX, EXY, EZY, 
EXZ, EYZ, 
Periodic term 0.5 Pm 
Non-periodic term 2 Pm 
Angular errors, EAX, 
EBX, EAY, EBY, ECY 
Periodic term 2.5×10-5 rad 
Squareness errors, 
EC(0X)Y, EB(0X)Z, EA(0Y)Z 
 1.5×10-5 rad 
Non-systematic error (normal distribution) V=0.35 Pm 
 
 
 
 
Fig. 9. Position and orientation of B- and C-axis average lines  identified by 
three consequent machining tests. 
 
Fig. 10. Comparison of C-axis position errors estimated from machined test 
pieces (bars) and those directly measured by using a dial gauge
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